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1. Introduction 



The bosonic sector of the effective world-volume action for a type llA superstring 
Dirichlet p-brane in a bosonic type II supergravity background takes the form 

/ = Idbi + Iwz- (1-1) 
The first term is the Dirac-Born-Infeld (DBI) action [1-9], 



^DBI 



a' 



dct { gij - Bij + —Fij ) , (1.2) 



where 0, gij and Bij are the puUbacks to the world- volume of the Neveu-Schwarz-Neveu- 
Schwarz (NS (g) NS ) supergravity fields and F = dV. where V is the Born-Infeld 1-form 
f/(l) gauge field. The constant Tp is the p- volume tension with mass dimension p + 1. 
The second term in (1.1) is the 'Wess-Zumino' (WZ) term describing the coupling of the 
D-brane to the background Ramond-Ramond (R R ) fields. We can assemble these 
fields into the complex of differential forms, 
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C = ^CW, (1.3) 

where C^^'^ is a differential form of degree r. The fields C*-^'-* are the R ® R gauge 
potentials of either IIA (r odd) or IIB (r even) supergravity. The 9-form potential is 
optional because its equations of motion force the dual of its field strength to be a 
constant, m [10-12]. One can set m = but m 7^ is also possible, in which case the 
background fields are those of massive IIA supergravity [13]. 

When = 0, i.e. m = 0, one has [5], 

I^^P=Tp J Ce(^^-^), (1.4) 

where it is to be understood that one selects the (p -|- l)-form in the expansion of the 
integral and that all forms in space-time are pulled back to the (p -|- 1) -dimensional 
world- volume, Wp+i. One purpose of this paper is to generalize (1.4) to the m ^ case, 
thereby generalizing previous partial results along these lines [14]. 
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It is convenient to define 



F 




(1.5) 



where B is again the puUback to the world-volume of the corresponding space-time two- 
form. In the generalization from a U{1) gauge field to a U{n) gauge field, which is 
appropriate for n coincident D-branes [3], the DBI world- volume 1-form gauge potential 
V takes values in the Lie algebra of U (n) and its Lie-algebra valued field strength F is 
given by 



In this case we can still define F as in (1.5) if S is assumed to take values in the Lie 

algebra of U{1) C U{n). 

The WZ term (1.4) has the following straightforward generalization to the U{ri) 
case [5], 



where the trace is taken in the n-dimensional representation of U (n) . The DBI term will 
require more extensive modification, but in this paper we shall be concerned exclusively 
with the WZ term. 

It should be noted that C includes both the standard R (8) R potentials of IIA 
and IIB supergravity in its form expansion and their duals. It is consistent to introduce 
both a potential and its dual if the background fields are on shell because the Bianchi 
identities and the field equations are then on the same footing. The C^^) gauge potential 
is exceptional in a number of respects. For example, it has no dual potential. Its field 
strength does have a dual field strength but the field equations restrict this to be a 
constant, m. This constant, which has dimensions of mass, is essentially the square root 
of the cosmological constant appearing in the 'massive' IIA supergravity theory [13]. 
Non-zero C^^^ is therefore equivalent to non-zero m [10-12]. In such a background the 
WZ term (1.7) requires m-dependent modifications. 

These modifications have been found for p = 0, 2 in the f/(l) case [14]. One result 
of this paper will be to extend these results to all even p and to gauge groups U{n). 



F^dV + 1/2. 



(1.6) 




(1.7) 
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Specifically, we will show that when m ^ the integrand of (1.7) is replaced (up to a 
total derivative) by 

L = Ctr{e'-'^'-^)+mj:^JX, (1.8) 

where <^2r+i ^ Chern-Simons (2r + l)-form with the property that 

<i-Sl,=te(^^)"\ (1.9) 

The form expansion of L gives the WZ lagrangians used to construct /^^^^ ■ 

Since the m-dependent term in (1.8) contributes only odd forms in the form expan- 
sion of L, only the £)-brane actions for even p (i.e. those of the type IIA theory) acquire 
m-dependent corrections. This is expected because the constant m can be considered 
as a R <8) R field of the type IIA theory, equivalent to C^^\ One way to see that these 
m-dependent terms must be present in the IIA D-branc actions is by T-duality with the 
type IIB D-brane actions. This was shown for p < 3 and with a [/(I) gauge group in 
[14] using the 'massive' T-duality rules of [12] (which complement the 'masslcss' rules 
given in [15]). We will generalize this procedure to establish that the m-dependent term 
in (1.8) is precisely that required by T-duality. This result also completes previous re- 
sults [16-18] on T-duahty of D-brane actions for m — 0. However, since the only known 
supersymmetric backgrounds that solve the IIA field equations require the presence of 
an eight-brane the D-brane actions for m 7^ should be interpreted as describing the 
dynamics of the D-brane in the presence of an eight-brane. In such a background there 
can be additional world-volume fields arising from open strings connecting the D-brane 
to the eight-brane. These will not be taken into account in this paper. 

With a non-abelian U{n) gauge group the m-dependent terms in (1.8) are non- 
abelian Chern-Simons (CS) forms. As described in a different context in [19,20], quantum 
consistency in such cases requires a quantization of the CS coefficient which, in this case, 
is the mass parameter m. Thus, an important consequence of the results of this paper 
is the quantization of the IIA superstring cosmological constant, as argued previously 
[11,12] for quite different reasons. This will be discussed further at the end of this article. 
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2. D-brane actions in R (8) R backgrounds 

In order to explain the form of the D-brane WZ actions it will prove very useful to 
first provide a uniform formulation of the R(8) R and NS <S> NS gauge symmetries. In this 
and the next section we shall set a' — 1 for convenience. 

The differential forms of even degree appearing in (1.3) are the R (8) R gauge po- 
tentials of IIB supergravity while those of odd degree are the R ® R potentials of IIA 
supergravity. These R ® R fields are subject to the gauge transformation, 

5AC^dA-HAA, (2.1) 

where H — dB is the NS ® NS 3-form field strength and 
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A = ^A«. (2.2) 

r=0 

A further R ® R transformation is 

5xC = Xe^, (2.3) 

for constant A. It will be convenient for our purposes to combine the R (8) R transfor- 
mations into 

SrrC = dA- H AA + Xe^. (2.4) 

These transformations encapsulate the local R (8) R symmetry of the IIA and IIB su- 
pergravity lagrangians. The specific choice of field variables, and hence of the transfor- 
mations, has been chosen in order to clarify the invariances of the D-brane WZ actions. 
Specifically, 



SrrL = d 



(2.5) 



r=0 

which means that the WZ action (1.7) changes by a surface term. An intriguing feature 
of this result is that 

^RRL\a=C, x=m - dL, (2.6) 

so that the {p + l)-form lagrangians in the expansion of L are related by a type of 
cohomological descent. 
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We also need to consider the transformation of the background R (8) R fields under 
the NS (8) NS gauge transformation S-qB — drj. When m — the R (g) R potentials are 
invariant, = 0, but when m ^ they transform non-trivially [12]. In terms of the 
field definitions in this paper these transformations are, 

Sr,B = dr], Sr,C = -me^T]. (2.7) 

It is clear from the form of the WZ lagrangian when m — that it is invariant under the 
Tj gauge transformation provided that 

5r,V = 27777, (2.8) 

where rj is considered to take values in the Lie algebra U{1) C C/(n). The D-brane 
lagrangian for m 7^ can be found from the requirement of rj invariance as we shall see 
later. Note that 

K,5a] = ^A|A=Ar?eS> (2.9) 

with all the other commutators vanishing, so that the combined 77, A, A transformations 
form a closed algebra. 

The NS <S> NS field strength H = dB is obviously invariant under all the above 
transformations. So is the field strength of the R (8) R fields, 

R{C)^dC-HAC + me^. (2.10) 

The form expansion of R{C) yields all the 'modified' field strengths of the IIA and IIB 
potentials and their duals. To relate the potentials to their duals we first define 

5 10 

it:< = ^i?«, it:> = ^i?M, (2.11) 

r=0 r=5 

and then impose the constraint, 

= *i?<, (2.12) 

where * is the Hodge dual in ten dimensions. This relates the potentials of the back- 
ground supergravity theory to their duals and also imposes self-duality of the IIB five- 
form field strength. Also, note that (2.12) implies that the ten-form field strength is 
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such that 

= m, (2.13) 
which is appropriate when m 7^ 0* The Bianchi identity takes the form 

dR(C) -HAR^d R(C)e-^j = 0. (2.14) 

The m — WZ action (1.7) can be expressed as an integral of a covariant expression 
in p + 2 dimensions on a manifold with boundary Wp+i, 

jJ^J) =T, J R{C)tr . (2.15) 

Mp+2 

It is natural to suppose that this action remains valid when m 7^ because there is no 
other candidate integrand that is both gauge invariant and reduces to the one known 
to be correct when m — 0. When m 7^ the integrand of (2.15) can be written as dL 
where L is as given in (1.8). As the addition of any closed form to L yields the same 
expression for dL there is an intrinsic ambiguity. We will find it convenient to use the 
alternative, but equivalent, lagrangian 

Lwz = [nC + u;R(C)] e'^, (2.16) 

where cu is defined by the requirement that 

dcu = tr (^e^/27r _ (2.17) 

It is obvious from the construction that the lagrangian (2.16) is r^-invariant up to a total 
derivative, and a calculation shows that 5rjLwz — —d (riCe~^). Also, Lwz varies by a 
total derivative under the gauge transformation S^V — Dx- The action is, however, not 
necessarily invariant under 'large' gauge transformations, as will be discussed in the last 
section of this paper. 

Wc shall now show that the WZ lagrangians contained in the form expansion of 
(2.16) are related by T-duality. 



★ The corresponding relation in [12] looks more complicated when B ^0 but must be equivalent after 
field redefinitions. This suggests that the field definitions used here might significantly simplify 
the massive IIA supergravity. 
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3. T-duality of D-brane WZ actions 



T-duality of Dirichlet p-brane actions amounts to the statement that the double 
dimensional reduction of the p-brane action yields the 'direct' reduction of the (p — 1)- 
brane action if the background fields of the two actions are related by T-duality. We 
shall therefore begin by discussing T-duality for the background fields. 

T-duality presupposes the existence of a ?7(1) symmetry of the background. We can 
choose cordinates such that the associated KiUing vector field is d/dy. In this case, the 
metric, dilaton and all field strengths are independent of y. In addition, we will make 
the simplifying assumption that 

iyH = 0, (3.1) 

where iy (= *dy*) indicates contraction with With this assumption H is invariant 
under T-duality, as can be seen from the T-duality rules of [15], and this greatly simplifies 
the discussion of the T-duality transformation of the WZ term. 

The T-duahty transformations of the R(8)R field strengths (imphcit in the T-duality 
rules of [15,12]) are given by 

R{C)^dyAR{C) + iyR{C), (3.2) 

where — > means that the fields appearing on the left are replaced by those on the right. 
Since {dy + iy)^ — 1, T-duality is an invertible Z2 transformation between the IIA and 
IIB fields. The map (3.2) of the field strengths is induced by 

C ^ -{dy AC + tyC), (3.3) 

provided that 

CyC = (m - mdy)e^, (3.4) 
where Cy is the Lie derivative with respect to d/dy. This implies, in particular, that 

C(0) ^ (3 5) 
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and (3.4) determines C^°) and Cy'^ to be of the form, 

C(0) = my + C'(O), C^'^ = -my + (7^'^ (3.6) 

where C**-^-* and C'y^'' are independent of y, in agreement with [12]. Despite the y- 
dependence of the potential C when m ^ 0, the field strength R{C) is y-independent 
since 

jCyR(C) = 0. (3.7) 

We shall now compare the double-dimensional reduction of the p-brane WZ action 
with the direct reduction of the (p — l)-brane WZ action. The double-dimensional 
reduction proceeds as follows. We write 

Lwz = L^z + ^wz^ (3-8) 

where are the projections of L\yz defined by 

L+^daAiaL, L~ = ia{da AL), (3.9) 

for arbitrary world-volume form L, where cr is a particular world-volume coordinate. 
The (p -I- l)-dimensional world- volume Wp+i will be taken to be of the form Wp x S^, 
where a is the 5"^ coordinate. If the p-brane is now wrapped around the 5"^ factor of 
space-time, with coordinate y, then the two coordinates can be identified, 

dy = da. (3.10) 

Moreover, only the L^^r^ projection of L]^z contributes to the integral over Wp+i. We 
shall now work towards a convenient expression for i^^^. 

We first observe that the world- volume one-form gauge potential V can be written 

as 

V ^daVa + V-, (3.11) 

and hence 

F^-daADVa + F', (3.12) 

where DVa = dVa + [V, Va] ■ To establish the T-duahty map between the D-brane actions 
in the non-abelian case (n > 1) it will be necessary to restrict to the Lie algebra of 
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the U{1) subgroup of U{n). We therefore set 



(3.13) 



where $ is a scalar world- volume field. If we take the compactification radius to be / so 

that a is identified with a + 27il (using dy = da), then a U{1) transformation of V with 
group clement e*'^/' shifts $ to $ + 27il, where II = An'^. The world- volume field $ is 
therefore a map from the factor of space-time in the T-dual theory to a (p — l)-brane 
world-volume. Using (3.13) we have DV^ — —^Trd^, and hence, from (3.12) 



tr 



tr e 



,F/27V 



(3.14) 



from which it follows that 



a;+ = dcr A (i$ A a; - nda $ . 



(3.15) 



Space-time forms can be decomposed in the same manner as (3.8), so that. 



R{C)^R+{C)+R-{C), 



(3.16) 



where 



R+{C) ^dyA iyR{C), R-{C) = iy{dy A R{C)). 



(3.17) 



In view of the relation dy = da, the ± components of space-time forms pull back to ± 
world- volume forms. Noting also that H = H~ by virtue of the assumption (3.1), we 
have 



r + 



C+ne-^ + ujR-^e-^ + uj^R-e'^. 



(3.18) 



Substituting the expression (3.15) into the last term gives 



u^R-{C)e-" = -da A 



d^R-e-^ - nd^C'e-^] - nda Ad 



(3.19) 



The last term in this expression will give a surface term in the integral over Wp and can 
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be ignored. Thus, 

J Lwz^ J L+^z^ J [n{C+ + dad(^C-) + {ujR+ -daMR-)]e 



Wp+i Wp+i WpxS^ 



(3.20) 

We could now perform the a integral to get the double dimensional reduction of L]vz, 
which would then have to be rewritten using the T-duality rules. It is more convenient to 
reverse the order of these steps, making use of the fact that the T-duahty transformations 
of the components of C and R{C) are, 

C+ -dy A C+, C -iyC-, 

(3.21) 

R+{C) ^dyA R{C), R-{C) iyR{C). 
This yields, on setting dy = da, 

J Lwz ^- J da J [n(C" + d^iyC) + a;"(i?~ + d^iyR)] e'^ . (3.22) 



p 



Before attempting to integrate over a we should determine whether the integrand is 
(j-dependcnt. This possibility arises when m 7^ because in that case C is |/-dependent. 
In fact, using (3.4), 

Ce-^ = Ce-^ + my- mydy, (3.23) 
where C is ^-independent. Thus, 

(C- + d^iyC)e-^ = {C- + d^iyC)e-^ + my - myd^. (3.24) 

The my term contributes a constant to the zero-brane lagrangian, and may be ignored, 
while the myd^ term contributes a total derivative (proportional to md^) to the one- 
brane lagrangian, which may also be ignored. Effectively, therefore, the Wp integral in 
(3.22) is (7-independent so performing the a integral yields 

j Lwz -'^T^l J [n{C- + d^iyC) + uj-{R- + d^iyR)] e"^. (3.25) 

Wp Wp 

If $ is now interpreted as the space-time coordinate then a form such as C~ + d^iyC 
is just the decomposition into =F projections of the D = 10 form C, i.e. it is the 'direct' 
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reduction of C. Furthermore, the form uj~ on Wp+i is just uj on Wp since Wp has no a 
coordinate. We conclude that the integral on the right-hand side of (3.25) is just Lwz, 
so 



Tp J Lwz — *■ -27rlTp J L]yz- (3.26) 

This result shows that the D-brane actions are related by T-duahty provided that* 

Tp.i = (27r/p)Tp, (3.27) 

where Ip is the radius of the compact dimension in the D = 10 theory with the Dirichlet 
p-brane; that is, Ip — I a for p even and Ip — Ib ior p odd, where I a and Ib are related 
by IaIb — 47r^. It should be remarked that had we used (1.8) instead of (2.16) then 
it would have been necessary to consider boundary terms in the action to establish T- 
duality. This accounts for the ambiguity in the approach of [14] in which, in effect, 
boundary terms are ignored. 

For later considerations it will be important to appreciate that the constants Tp are 
not the physical tensions; these are 

rpphys ^ (3 28) 

where g is the string coupling constant. Under T-duality g — > 27rlg, so the physical 
tension of the (p — l)-brane found by double dimensional reduction is 

rpphys _ r^phys^ ^3 29) 



■k The sign is irrelevant since the tensions should be identified with the absolute values of the WZ 
coefficients. 
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4. Quantization of the cosmological constant 

When m 7^ the WZ lagrangian for even p contains the term 

= mT2,^^^ j (p = 2r), (4.1) 

W2r+1 

which is a Chern-Simons term for the world-volume U (n) gauge field. As is weU known, 
under a gauge transformation V g~^Vg + g~^dg the action (4.1) changes by a term 
proportional to the winding number of g{^)- If Wp+i is the (p+ l)-sphere then the maps g 
are classified by 7rp+i(G), for a gauge group G. For G — U{n) one has 7r2p+i D Z. Thus, 
for sufficiently large n there are always large U{n) gauge transformations for which the 
action is not invariant. As shown in [19] single valuedness of e^^''^^\ required for quantum 
consistency of the world- volume field theory, implies a quantization of the coefficient of 
Ip{V). The resulting quantization condition in our case is 

mTp (ay _ 27ri/, (p even), (4.2) 

for integer i/. This is actually a series of quantization conditions, one for each even value 
of p < 8. The consistency of these relations requires (for p even and a given i/) 

a'Tp = Tp_2, (4.3) 

which can be shown to be satisfied (for any p) by iteration of (3.27) and use of the 
relation 

IaIb = 47r2a'. (4.4) 

The relations (4.3) should not be confused with the well-known quantization condition 
on the products TpT^-p. 

The physical tensions T^^^^ — Tp/ g should be independent of the radius. Since the 
coupling g is not invariant under T-duality we shall set g = gA or g = gs, according to 
which of the two type II theories we are considering. Consider first the IIB theory. The 
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condition that Tp is independent of the compactification radius imphes that 

Tp^cgB{a')-^P+'^/\ (podd), (4.5) 

for some dimensionless constant c that is independent oi gs (and is determined by 
normahzation conventions in the string theory). One can now use this in (3.27) to 
obtain an expression for Tp when p is even. Substitution of this into (4.2) gives 

m = {cgBhr^i^. (4.6) 

If gs is set to unity the quantization condition m oc i^/Ib of [12] is recovered. The result 
in [12] was obtained by requiring consistency between T-duahty and SL{2; Z) U-duahty 
of type JIB theory. However, the factor of gj^^ is important for the purpose of rewriting 
(4.6) in IIA terms since gB^B — 2'Ky/o^gA- Thus, the mass quantization condition may 
be written entirely in terms of the IIA theory as 

m = ^ V. (4.7) 

^'KcgAV oi! 

The same result follows more directly from the condition that the physical D-brane ten- 
sions of the IIA theory be independent of I a- Thus the mass scale set by the quantization 
condition of m is not a new scale in the theory but is the same as the one set by the 
zero-brane mass. 

We will conclude with some comments on the p = 2 case, which is of particular 

interest since it describes a membrane that is supposed to descend from the membrane 
of eleven-dimensional M-theory [4,6]. Let 

y = Vb + y, (4.8) 

where Vq is a C/(l) gauge potential and V an SU{n) gauge potential. Then Ip(y) can 
be written as* 

^ / VM + ^ / {vdV + ^V-') . (4.9) 

The first term is the topological mass term found in [14] . As pointed out in [14] this term 
prevents the dualization of Vq to a world-volume scalar and hence appears to obstruct 

★ A CS term for the euclidean p = 2 D-brane has appeared previously in a different context [21]. 
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the D = 11 interpretation of the Dirichlet two-brane. Indeed, the mass of the type IIA 
theory has no known 11- dimensional interpretation, and this is an interesting challenge 
to the idea that all superstring theories should be unified in D = 11 M-theory. The 
quantization condition (4.7) might help resolve this puzzle since m is quantized in units 
of I/-R11, where Rn is the radius of the eleventh dimension. This unit therefore goes to 
zero in the decompactification limit. 
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